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ABSTRACT 
A method of determining the response of fluids under 
high pressure to quick-release into the atmosphere is 
presented in this report. The analytical efforts have been 
formulated into two parts, a closed-form solution and a 
numerical analysis. By assuming constant viscosity of the 
fluid a closed-form solution was obtained. The assumption 
of constant viscosity was found to be acceptable for the 
test fluids up to an initial pressure of approximately 
10,000 psi. A numerical analysis became necessary for 
initial pressures over 10,000 psi, where the variable vis-
cosity of the fluid had to be considered. 
ii 
The experimental work was conducted by observing the 
flow of a fluid from a pressurized reservoir through a 
circular tube to the atmosphere. The primary experimental 
variables were: (1) length of the circular tube, (2) type of 
fluid used, and (3) initial reservoir pressure. The pressure 
decay was measured by the use of strain gages in the 
reservoir and recorded on an oscilloscope screen. 
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NOMENCLATURE 
mass density of fluid 
velocity vector 
fluid pressure 
body forces per unit mass 
coefficient of viscosity of fluid 
vorticity vector 
operator del 
kinematic viscosity of fluid 
radial, circumferential, and 
longitudinal velocities, res-
pectively, of fluid within 
bore of pressure pot 
radial, circumferential, and 
longitudinal body forces per 
unit mass, respectively, 
acting on fluid in bore of 
pressure pot 
volume rate of fluid flow 
volume of fluid in compression 
chamber 
time constant 
fluid compressibility factor 
circumferential direction 
pressure in pressure pot at time 
equal to zero 
viii 
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-1 
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I. INTRODUCTION 
The increasing use of hydraulic systems of more complex 
design, ranging from hydraulically controlled equipment to 
fuel injection of diesel engines, has necessitated increasing 
research into high-pressure related phenomena. The dynamic 
behavior of fluids under extreme pressure (10,000 psi and 
above) is relatively unknown. At these extreme pressures the 
viscosity increase because of the increase in pressure is 
appreciable and must be included in any worthwhile analysis. 
This paper presents the results of an investigation of the 
effects of pressure-induced viscosity changes on the fluid 
flow characteristics in a circular tube. 
The experimental work was conducted by observing the 
flow of a fluid from a pressurized (up to 50,000 psi) 
reservoir through a circular tube to the atmosphere. The 
fluid was released to the atmosphere by means of a quick 
release valve. As the fluid progresses from the reservoir 
to the atmosphere, the pressure decreases and creates a 
condition of variable viscosity along the tube length. 
The purposes of this study are: (1) to find an analytical 
solution which gives realistic pressure, time, and velocity 
information for the flow of a variable viscosity fluid 
through a circular tube, and (2) to verify the solution with 
experimental results. 
Among the best-known researchers in the high-pressure 
field are Mr. W.A. Wright (high-pressure bulk modulii work 
2 
with petroleum oils), Mr. J.D. Novak and W.O. Winer (high 
pressure research in the field of lubricant rheology), and 
Dr. R.L. Davis and Mr. M.D. Hersey(high pressure research in 
the field of fluid flow). 
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II. EXPERIMENTATION 
A. EXPERIMENTAL FACILITIES 
The experimental facilities consisted of three distinct 
parts (Fig. B-1): (1) the pressure pot and pump, (2) instru-
mentation, and (3) the quick-release mechanism. Although 
each of these parts performs a distinct function, their 
inter-relationship is necessary for a workable facility. In 
order to increase the understanding of the individual parts, 
each will be examined separately and in detail. 
1. PRESSURE POT AND PUMP 
The pressure pot and pump were mounted on a cart as one 
unit (Fig. B-2) with a 50,000 psi pressure gage connected 
directly to the chamber of the pressure pot. The top of the 
cart could be easily sealed off by sliding panels, and the 
doors on the front of the cart could be closed during test-
ing for safety purposes. A cross-sectional view of the 
pressure pot is shown in Fig. 1. 
The pressure pot was a two-piece, thick-walled vessel. 
The top plate was secured by ten (10) one-inch diameter, 
hardened, stainless-steel bolts. The high-pressure seal was 
obtained through the use of a metal "C" ring. Once the "C" 
ring has been seated and the bolts diametrically tightened, 
the top plate should not be removed since the seal can be 
disfigured or scarred, and proper sealing may not occur. If 
a long duration of time (e.g. overnight) existed between runs, 
a pressure of approximately 20,000 psi was maintained in the 
TO INLET PRESSURE LINE 
CONDUCTOR 
TOP PLATE 
CYLINDRICAL 
INSERT -
STRAIN-- TO QUICK -
GAGE RELEASE VALVE 
F I G. I CROSS-SECTIONAL VIEW OF 
PRESSURE PO T 
pressure pot to ins~re the existence of a proper pressure 
seal for the following runs. 
Three SR-4 Budd strain-gages (gage factor 2.04±0.04) 
were mounted on copper cubes(0.12x1.00x0.53) which were 
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placed in the chamber of the pressure pot. Three cubes were 
placed in the chamber so that failure of a gage would not 
necessitate removal of the top plate, but simply the use of 
another gage. The gages were mounted using Eastman-910 contact 
cement. The gage leads were soldered to the electrical con-
ductors (Fig. 1), and then waterproofed by applying four thin 
coats of Budd GW-2 waterproofing compound to the gages, gage 
leads, and electrical connectors. 
The pump was a single-ended vertical hand pump with a ~­
gallon reservoir, with specifications as shown in Table I. 
Table I - Hand Pump Specifications 
Maximum Working Pressure psi 40,000 
Test Pressure psi 50,000 
Plunger Diameter in 0. 2 5 
Working Stroke, nominal in 1. 00 
Displaced in 3 0.80 Volume 
The pump was connected to the pressure pot by use of standard 
~-inch O.D. by 1/16-inch I.D. high-pressure tubing. 
2. INSTRUMENTATION 
The instrumentation consisted of three components; (1) 
a Budd Strain Gage Bridge, (2) an oscilloscope and its var-
ious plug-in units, and (3) a triggering mechanism. Before 
proceeding, it should be noted that all components of the 
instrumentation were grounded and shielded cable was used 
lnnl_lnnl STRAIN lMj UQll :::::==-- GAGE S 
..... -
r I I I 
1 I l 1 
2 3 4 
• 
OUTLET 
PANEL 
/ 
L..------- BUDD BOX 
TYPE 564 
OSCILLOSCOPE 
\ 
SHIELDED 
CABLE 
\ -Ji::.:::.:~~:~~::xl- -
.... -- 3A6 
PLUG-IN 
UNIT 
3B3 
PLUG-IN 
UNIT 
MICRO-
SWITCH 
~ 
.....--. 
= =====-..J 
9-
VOLT 
BATT. 
FIG. 2 INSTRUMENTATION COMPONENTS AND THE WORKING SET-UP 
whenever possible to minimize external noise. Fig. 2 shows 
all components of the instrumentation and the working set-
up. 
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The oscilloscope was a Type 564 manufactured by Tektronix 
Inc. which employed two plug-in units, a Type 3B3 Time Base 
Unit and a Type 3A6 Dual Trace Unit. A shielded cable connected 
the Budd Box and the 3A6 Dual Trace Amplifier Plug-In Unit 
(Fig. B-3). This unit is equipped with a two channel system, 
each containing a variable volts/division control. Only one 
channel (Channel 1) was used during the experimental work. 
The triggering device consisted of a micro-switch 
mounted on the frame of the quick-release mechanism (Fig. 
B-4). The micro-switch was put in series with a common 9-volt 
battery and the 3B3 Time Base Plug-In Unit. This unit contains 
a variable time/division selector and the sweep triggering 
mechanism. 
A Tektronix Camera System was mounted on the bezel of 
the oscilloscope (Fig. B-5). This system used Polaroid Land 
Pack Film that can be purchased commercially. A typical trace 
was obtained by first taking an exposure of the grid only, 
using a shutter speed of 1/5 of a second at f/4.5. The scale 
illumination was then turned completely off, the shutter set 
at open and the trace then triggered. The shutter was then 
closed and the picture developed. 
3. QUICK-RELEASE MECHANISM 
The quick-release mechanism consisted of a quick opening 
valve manufactured by American Instrument Company (Fig. B-4). 
This valve is essentially a high-pressure valve held closed 
by a heavy spring. A metal disk was inserted in the spring 
in order to make contact and trigger the micro-switch. The 
spring was compressed by a cam fastened by a long-levered 
handle. The pressure release occurred when the spring was 
suddenly released, and took less than ten milliseconds for 
complete opening. 
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B. EXPERIMENTAL PROCEDURES 
The experimental work was designed such that there 
existed three totally independent variables. They are: (1) 
length of the exit tube, (2) type of oil used, (3) initial 
pressure in the pressure pot. 
9 
There were three lengths of exit tubes, all standard 
high-pressure tubing. The lengths of the tubes were 36 inches, 
72 inches, and 144 inches. 
Two types of oil samples were used, one a paraffinic 
base oil and the other a naphthenic base oil. The properties 
of these oils are shown in Tables II and III. 
The test runs were made by varying the initial pressure 
while using the same tube length and oil sample. A set of runs 
consisted of runs with initial pressures varying from 10,000 
psi to 50,000 psi. Upon completion of a set of runs, a new 
tube length was added and a similiar set of runs made. After 
a set of runs was conducted for each tube length, the oil 
sample was changed and a set of runs for each tube length 
was made. 
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Table II - Viscosity and Density Data 
OIL SAMPLE R-820-53 R-820-54 
( PARA F F IN I C ) (NAPHTHENIC) 
Kinematic Viscosity/210° F ( c s t) 5.400 3.654 
Kinematic Viscosity/100° F (est) 33.740 22.620 
Viscosity Index 103 6 
Density at 100° F 0.850 0.895 
Density at 210° F 0.810 0.855 
Table III - Volume at Pressure and Temperature 
VOLUME (IN 3) 
PARAFFINIC NAPHTHENIC 
Temperature (oF) 100 200 100 2 00 
Pressure (ks i) 
0 1 . 1 7 6 1 . 2 3 5 1. 117 1. 17 0 
5 1.152 1 . 2 0 2 1.096 1 . 14 1 
10 1.133 1.176 1. 07 9 1. 119 
15 1. 116 1 . 15 5 1. 064 1 . 1 01 
20 1 . 1 02 1.138 1. 0 51 1 . 0 8 5 
30 1 . 0 7 8 1 . 1 1 0 1. 0 3 0 1. 0 59 
40 1. 059 1. 096 1. 012 1 . 0 3 9 
50 1 . 042 1 . 06 9 0.997 1 . 0 2 1 
60 1 . 02 8 1 . 0 53 0.984 1 . 0 0 6 
1 1 
C. EXPERIMENTAL RESULTS 
A total of forty test runs were made, twenty-seven 
using paraffinic base oil and thirteen using naphthenic base 
oil. A list of these tests is presented in Table IV. 
Typical pressure-time traces within the pressure pot 
are illustrated in Fig. B-6 to B-11. It should be noted that 
all traces were quite similar. In each instance, the pressure 
began to decline exponentially, then leveled off for several 
milliseconds before continuing its exponential decay. The 
traces obtained by Dr. R.L. Davis (Ref. c) decayed exponent-
ially with no plateau or leveling off occurring (Fig. B-12 and 
B-13); however, a different release mechanism was used by Dr. 
Davis. His release mechanism was a knock-off tube exposed 
directly to the atmosphere (Fig. 3a) whereas with the quick-
release valve the oil had to exit at a right angle (Fig. 3b). 
, __ - """~>-
(a) (b) 
FIG. 3 TYPES OF RELEASE ~ECHANISMS 
As the pin released in the quick-release mechanism, it 
reacted as a piston receding from the fluid; thus, suggesting 
a rarefaction wave had occur~ed. 
Table IV - Control Data 
OIL TUBE 
RUN NO. SAMPLE* LENGTH** 
(IN) 
1 1 1 
2 1 1 
3 1 1 
4 1 1 
5 1 1 
6 1 1 
7 1 1 
8 1 1 
9 1 2 
10 1 2 
11 1 2 
12 1 2 
1 3 1 2 
14 1 2 
15 1 2 
16 1 2 
17 1 3 
18 1 3 
19 1 3 
20 1 3 
21 1 3 
22 1 3 
23 1 3 
24 1 3 
SA 1 1 
* OIL SAMPLE 
1 - Paraffinic Base Oil 
2 - Naphthenic Base Oil 
VOLTS/DIV. TIME/DIV. 
(MSEC) 
.01 
. 01 
. 0 1 
.02 
.OS 
.05 
.05 
. 10 
. 20 
. 20 
.20 
. 20 
.20 
. 2 0 
.20 
. 20 
. 10 
. 2 0 
.20 
. 2 0 
.20 
. 20 
. 20 
. 2 0 
. 20 
** TUBE LENGTH 
1--36 inches 
2--72 inches 
3--144 inches 
5 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
12 
INITIAL 
PRESS. 
(PSI) 
10,000 
20,000 
25,000 
30,000 
35,000 
40,000 
45,000 
50,000 
10,000 
20,000 
25,000 
30,000 
35,000 
40,000 
45,000 
50,000 
10,000 
20,000 
25,000 
30,000 
35,000 
40,000 
45,000 
50,000 
50,000 
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Table IV -Control Data (r:,mt.) 
OIL TUBE INITIAL 
RUN NO. SAMPLE* LENGTH** VOLTS/DIV. TIME/DIV. PRESS. 
(IN) ( MS E C) (PSI) 
8B 1 1 .20 20 50,000 
6A 1 1 . 2 0 20 40,000 
25 2 1 . 1 0 10 20,000 
26 2 1 . 2 0 20 30,000 
27 2 1 . 2 0 20 40,000 
28 2 1 . 2 0 20 45,000 
29 2 2 .20 20 30,000 
30 2 2 .20 20 30,000 
31 2 2 . 2 0 20 20,000 
32 2 2 .20 20 30,000 
33 2 2 . 2 0 20 40,000 
34 2 3 . 2 0 20 20,000 
35 2 3 .2 0 20 30,000 
36 2 3 . 2 0 20 40,000 
37 2 3 . 2 0 20 10,000 
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By expressing the pressure as a power series function 
of the density 2 3 (P= a
0
+a 1 p+a 2 p +a 3 p ), and solving simultane-
ous equations obtained by substitution of known densities 
at various pressures,thc following data was tabulated using 
the wave equations given in references (g) and (h) 
Table V - Rarefaction Wave Data 
(Paraffinic Base Oil) 
Tube Length 
36" 72" 
Pressure Velocity Time to t rave 1 length 
(ksi) (in/sec) (msec) 
20 2,315 15.6 31 . 1 
40 2 • 2 3 1 16 . 1 3 2 . 3 
144" 
of tube 
62.2 
64.5 
Figure B-6, which is a trace of the Paraffinic Base Oil 
under an initial pressure of 40,000 psi, shows that for a 
36" tube length the time for a wave to affect the exponential 
decay of the pressure is approximately 15 msec, which compares 
quite favorably with the 16.6 msec from Table V. Since a 
rarefaction wave acts as a signal tr~nsmitter, this suggests 
the possibility of a compression wave initiated by the re-
bounding of the release pin. This would also explain why no 
plateau or leveling-off was evident when the knock-off tube 
was used. 
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III. ANALYTICAL EFFORTS 
A. CLOSED-FORM SOLUTION 
Several assumptions were made at the beginning of the 
problem: (l) the working temperature was constant, (2) laminar 
flow existed along the length of the tube, (3) the quick-
release valve opened-instantaneously, and (4) there were no 
turbulent effects at the entrance of the tube. The analysis 
commences with a general expression for the equation of 
motion of a viscous, compressible fluid expressed in vector 
form ( Re f . c) as 
( I ) 
where the vorticity vector ~ is defined as 
e = v x v ( 2) 
Combining equations (l) and (2) and simplifying yields 
p~~=pF-VP+-!p.'V(V-v)- ~ v,.,.CV·v) ( 3) 
+ ,u ( v. v) v + 2 [ v JL. V] v + V ,.,_ xf.- JL V xf. 
The addition of the viscosity term alters the essential 
nature of the partial differential equation in that it has the 
highest derivative. Compressibility on the other hand, adds only 
1 o w o r d e r de r i v a t i v e s < Re f . g ) . T h us t h e c on d i t i on o f i n c o m p r e s s -
ibility was assumed. 
Assuming the condition of incompressibility and consider-
ing the coefficient of viscosity to be independent of spatial 
coordinates, equation (3) reduces to 
or 
where 
dv -p- =pF-VP-JJ-VX( dt 
dv - I L 
- = F- - VP + 'IIV v dt p 
ll = }!;_ p 
16 
(4) 
( 5) 
Expanding equation (4) into its components in cylindrical 
coordinates yields the Navier-Stokes equations for a viscous, 
incompressible fluid 
(Go) 
( 6 b) 
dw + u dw +.l dw +w dw = t=:-j_~ 
dt dr r as, az 3 pr oz ( 6c) 
a2w d w d2w d2w 
+JI(-+--+2-2+----"2) 
d r2 r a r r as, d z 
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If the conditions of constant temperature, negligible body 
forces per unit mass, and constant density are now invoked, 
and assuming the fluid flow is in the z-direction only, 
equations (6) reduce to 
dw 
-dt 
I dP 
=--- +., 
p dz 
I dw 
+-
r d r 
) ( 7 ) 
From reference (b), the pressure along the longitudinal 
axis of the tube is considered to vary linearly from the 
maximum value at the chamber entrance to atmospheric pressure 
at the end of the tube (Fig. 4). 
f(t)+Pa 
Pa 
,. L -i 
~ z 
0 
FIG. 4 PRESSURE DECAY WITHIN TUBE 
The pressure within the tube can be expressed in terms 
of time and the z-coordinate as 
P= f(t) [t-T]+PA ( 8 ) 
where f(t) is the pressure within the pressure pot and is a 
function of time only. Differentiation of both sides of 
equation (8) with respect to z yields 
a P f(t > 
=-oz L 
Substitution of equation (9) 
2 
, < a w + ..l a w > _ a w 
a r2 r a r at 
18 
( 9 ) 
into equation (7) yields 
f(t) 
=--pL 
(10) 
According to Hersey in reference (d) and Weiner in refer-
ence (e), the kinematic viscosity can be closely approximated 
in the pressure range of 0 psi to 50,000 psi by the relation 
v=v.emf(t) 
0 
( II ) 
where ~ = kinematic viscosity under atmospheric pressure 
0 
m = slope of log viscosity-pressure curve 
Equation (10) can now be written 
The boundary condition 
W ( Ro, t ) = 0 t ~ 0 
and initial condition 
w(r,O)=O 0 < r < Ro 
f ( t) 
pL 
defines a unique solution to equation (12). 
( 12) 
( 13) 
( 14) 
The homogeneous solution of equation (12) is found by 
using separation of variables 
w H( r , t ) = R ( r ) T ( t ) ( 15) 
to be 
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w ( r , t ) = I C. J ( ~ r ) { 8 Aj., 8 (In ( m f ( t)) + m f ( t) H j=l J o j 
( I 6) 
I 2 I ~ +- (mf(t)} + ···· · +- (mf(t) } 2·2! n·n! 
Before proceeding, a proper choice of f(t) must be made. 
The choice of 
f(t)= Pge-t/8 ( 17) 
is suggested from an observation of pressure time traces 
monitored in the pressure pot. In order to illustrate possi-
ble solutions of the governing differential equation, the 
assumption of constant viscosity (m=O) is invoked. Equation 
(10) thus becomes 
=-
Po 
pL 
-t/8 
e ( 18) 
The homogeneous solution given in equation (16) can be added 
to the particular solution of equation (18), subject to the 
restrictions specified in equation (13) and (14), to give 
Calculating the volume rate of fluid Q passing through the 
tube in time t, we get 
A 
Q=lw(r,t)da 
0 
(20) 
( 21) 
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The volume of fluid that must exit the chamber during de-
pressurization is calculated by the equation 
co 
Vo :: 1 Q d f ( 2 2 ) 
0 
which when integrated and simplified becomes 
• I I:-
j=l X1 (23) 
The coefficients A. were defined as the roots of the 
J 
equation 
(24) 
in order that the boundary conditions equation (13) be ident-
ically satisfied. Thus, equation (23) can now be written as 
( 25) 
From reference (f), the compressibility of the fluid can be 
approximated by the equation 
(26) 
where V = volume of fluid under pressure P 1 g 
V = volume of fluid under atmospheric pressure 2 
V0 = V1 PgKp (27) 
where the fluid compressibility factor is 
Thus, the time constant 8 can be expressed as 
2 1 
8 = (28) 
Once the system parameters ~.L,V,K , and R are given, 
p 0 
equation (28) defines the time constant 8 that, when used 
with equation (17), determines the pressure decay in a 
pressure pot that is instantly exposed to the atmosphere 
via a circular tube. The corresponding flow characteristics 
in the circular tube are described by the velocity profiles, 
equation (19), and the volume flow rate, equation (21). It 
should be noted that the application of equation (28) is 
limited to fluids that are insensitive to pressure environ-
ments, or to pressure levels that create small changes in 
the fluid viscosity. Experimentation has indicated that, for 
the subject fluids, equation (28) is invalid for pressures 
in excess of 10,000 psi. 
Using the choice of f(t) described in equation (17) in 
the equation for variable viscosity, equation (11), and then 
substituting into equation (18) yields 
-t/8 
e (29) 
The homogeneous solution found in equation (16) again 
applies to equation (29), thus 
( ) = tt- C· JJ. . ) { .Ajv8 [In {mPge-t18> + m Pge-t/B WH r, t f=l J A{ e { 30) 
I -t/8 2 I -t/9~ +-(mPe )+·· .. ·+ (mPe } 2·2! n·n! 
If a particular solution can now be found, the definition of 
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the time constant using the assumption of variable viscosity 
will be completed. A probable choice of a particular solu-
tion is 
w p< r, t ) = A e- t 18 ( 31) 
which upon substitution into equation (29) yields 
- ( - ~ e -t/~ = -~ e-t 18 ( 3 2) 
8 pL 
Solving for A 
A = _ 8 Pq 
pL 
and substituting into equation (31) gives 
__ 8 Pg -t/8 
wp(r,t)- pL e (33) 
The solution of equation (29) can now be written as the 
sum of the homogeneous and particular solutions 
• 2 [ ( -VB. - t 18 
w(r,t) = L CJ J (~·r>{eXjv8 In mP9e -J +mP9e 
j =I J 
+ _!_ ( m Pne-t/8 )~ · · · · · + _L (m Pne-t'8>"]} 2·21 • n·nJ • 
8P -t/8 
--e 
pL 
(34) 
Since the constants C. and A. must be such that equations 
J J 
(13) and (14) are satisfied, equation (34) is rewritten as 
( 35) 
where 
I -t/8 n ] + ..... + (mPne ) 
n· n! • 
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Noting that the Bessel function J (A.r) is the only function 
0 J 
of r, substitution of equation (35) into equation (12) and 
+ g'{t >}=-~ e-t/8 
pL 
-t/8 g{t)+g1lt)=e 
(36) 
{37) 
solved for g(t), the constants Cj are given according 
to the FourierRBessel expansion as 
p~ £ r• Jo{ 'Aj r) dr 
can be 
C.=- e o ( 38 ) 
J 1 R~ [ ~{ Aj r) + J~ >..j R0 )] 
Equation (13) is satisfied if A. is defined as the positive 
J 
roots of the equation 
{ 39) 
Thus equation (38) becomes 
2 Pg ( I -_1 
C j = - p L R0 A j J ,l Aj RJJ {40) 
Numerous attempts to solve equation (37) with the 
initial condition given by equation (14) were made, among 
them substitution methods, integration by parts, series 
solution, and numerical means and methods. One such closed-
form attempt began with the assumption that 
g(t) = h(t)eY {41) 
where 
y = In ( m Pg e-t/B) + m Pge-t18 + 2 ~ 2, ( m P0e-t/B) 2 
+ · · · · · + { m P. e-t!B >" 
n · n! g 
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Equation (41) was chosen because of the fact that when it is 
combined with equation (37) the following, less complex 
equation is obtained 
h'(t)eY= e-t/B (42) 
Integrating both sides gives 
Integration by parts failed to solve equation (43). The 
application of numerical techniques could be used to solve 
equation (43); however, if numerical schemes are to be 
employed, they can be applied more efficiently elsewhere in 
the program as explained in the following section. 
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B. NUMERICAL ANALYSIS 
The numerical analysis was based on the constant vis-
cosity closed-form solution. A series of constant pressure 
increments was used to simulate the pressure-time trace shown 
in Fig. 5. 
p 
t 
FIG. ~ PRESSURE- TIME TRACE 
Each increment, or step, of time is assumed to have constant 
viscosity. Thus the working equation for each step is 
the solution of which is 
Pg 
pl 
-t/8 
e 
_ 2 Pg ~ Jo(A.;r) [ I J [ ->.,v!_ -VB] 
w ( r, t } - L R ~ A.-J (A. R' 118 - .. f e e p 0 J=l J I j'b' JIA 
( 18} 
( 19} 
For every increment of pressure, the viscosity and theta 
were calculated for eleven radial positions, beginning at the 
center-line and progressing out to the edge of the tube. 
The program began by reading system parameters into the 
program (Appendix A) in steps 3 to ll(See Fig. 7). Arg (1) 
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in step 10 is the first solution of the equation 
( 39) 
and subsequent solutions to the equation were calculated as 
needed in step 47. The R(1) in step 11 is the radius at the 
center line. The radius was made dimensionless by forming 
the quotient r/R and broken into increments of 0.1 as needed 
0 
by step 42. 
The fluid compressibility factor K (equation 27) was p 
calculated in steps 16-18. The pressure was next incremented 
depending on the present value of the pressure. Since the 
pressure decay in the pressure pot was exponential (Fig. 6) 
p 
PRESS (I) ---*-----
1 
I 
A 
PEND(I) __ T _______ _ 
~------------------------------------------t 
FIG. 6 INCREMENT OF PRESSURE -TIME TRACE 
a smaller increment of pressure was necessitated at the 
beginning of the run due to the greater slope. The pressure 
at the end of the increment was calculated by subtracting 
the increment size from the pressure at the beginning of the 
!;,. 
increment. The average pressure, press(I)-2, was used in all 
calculations involving variable pressure. 
2 7 
The viscosity of the various increments was calculated 
in step 36 using equation (11). The time constant theta was 
next calculated by use of equation (28). Re\.rriting equation 
(1 7) as 
f(t)= p (44) 
yields 
t =- 8 In (45) 
which enables the calculation of the time length of the var-
ious increments in step 39. 
The terms PRODl(K) and PROD2(K) are terms common to 
equations (19) and (21). Steps 52 through 68 were series cal-
culations of the Bessel Functions of the first and second 
order (Ref. a). The velocities, w(r, t), volume rate of fluid 
flow, Q, and the volume of fluid, V, were calculated in steps 
74 to 76 using equations (19), (21), and (23) respectively. 
The pressure was now incremented in step 79 by equating 
PRESS (I+1)=PEND(I), and the program was then returned to 
step 19. This looping process continued until PEND(I)~O, at 
which time the program was terminated. 
I = 
CALCULATE 
Kp 
READ 
FIG. 7- FLOW CHART 
START 
PAVE(I)LVIS(J: 
AMU(I), tiME 
Q(I) 
VOL(I) 
SUM I 
F 
• SUM5, TIME(I), 
THE TA(I ), Q(I ), 
PRESS(I}, VIS(I), 
PAVE (I), PEN D(I) 
THETA(!), 
SUM5 
PEN D(I) 
R(J+I) 
SUM2,SUM3 
SUM4 
ARG(K) 
ALAM(K),A(K) 
PRODI (K) 
PROD2 (K) 
CALCULATE 
BESSEL 
FUNCTIONS 
BUM2(K),SUM 
BUM3(K),SUM 
SUM4 
K=K+I 
STOP 
FIG. 7- FLOW CHART (CONT.) 
C. NUMERICAL RESULTS 
The results of the computer program are shown by the 
traces or graphs in Appendix C. Figure C-1 shows the decay 
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of pressure in the pressure pot with respect to time. Since 
the pressure was assumed to decay exponentially over each 
increment, it could be expected that Figure C-1 would also 
represent an exponential decay. The kinematic viscosity-
pressure trace shown in Figure C-2 consists of data from all 
the runs overlapped and only one trace was therefore obtained. 
In the remaining traces, constant viscosity refers to traces 
obtained using the closed-form solution (Eq. 19) and variable 
viscosity refers to traces obtained from program data. Figures 
C-3 and C-4. both velocity profile traces, are representative 
of typical profiles for constant and variable viscosities, 
respectively. The next four traces, Figure C-5 through C-8, 
are comparisons of velocity profiles for constant and vari-
able viscosities for given pressures. The final graph com-
pares the velocity-time history at the tube centerline for 
the two viscosity conditions. 
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IV. SUMMARY AND CONCLUSIONS 
The closed-form solution, obtained in equation (19) by 
assuming the fluid viscosity to be constant, was used for 
the formulation of the computer program that would solve the 
pressure-induced variable viscosity flow problem. The computer 
program yielded good results for the velocity profiles, press-
ure-time, velocity-time, and kinematic viscosity-pressure 
traces. The magnitudes of the velocities were lower than 
those obtained by the constant viscosity solution in all 
cases. No correlation was anticipated for the initial press-
ures of approximately 10,000 psi and above. This is expected 
since the constant viscosity solution was shown in reference 
(c) to be acceptable for pressures of approximately 10,000 
psi and below. Although the velocities become closer as the 
pressure decreases, the large differences that exist at the 
high pressure levels certainly dictate that the effect of 
pressure on the fluid viscosity must be included in the 
analysis. 
The experimental traces differed from those in reference 
(c) by the fact of a plateau or leveling-off. This difference 
was explained by the use of the quick-release mechanism 
instead of the knock-off tubes. The right angle of exit pro-
duced a rarefaction wave which transversed back down the tube, 
thus causing a plateau to show on the traces. 
In conclusion, the computer solution presented in this 
report yielded favorable results for the study of the flow 
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of a variable viscosity fluid through a circular duct with 
direct exposure to the atmosphere. Although ordinary pressures 
are not usually considered to influence the fluid viscosity, 
and hence the flow characteristics, for the particular problem 
investigated, the effects of pressure play a dominant role 
and cannot be neglected. 
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V. APPENDICES 
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.APPENDIX A. COMPUTER PROGRAM. 
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APPENDIX B . PHOTOGRAPHS AND OSCILLOSCOPE TRACES 
BUDD STRAIN-
GAGE BRIDGE 
CART CONTAINING PUMP 
AND PRESSURE POT 
OSCILLOSCOPE 
AND COMPONENTS 
Bl 
QUICK- RELEASE 
MECHANISM 
9- VOLT BATTERY 
FIG . B-1 EXPERIMENTAL FACILITIES 
B2 
PRESSURE GAGE~ 
~~ 
PUMP PRESSURE POT 
FIG . B- 2 PRESSURE POT AND PUMP 
TYPE 3A6 
PLUG-IN 
UNIT 
B3 
TYPE 383 
PLUG ·IN 
UNIT 
FIG. 8-3 OSCILLOSCOPE AND PLUG-IN UNITS 
MICRO-SWITCH 
~~ 
FIG. 8-4 TRIGGERING DEVICE 
TO 
PRESSURE 
___..,., POT 
B4 
VIEWING SHUTTER TRIGGER 
• 
\ 
LAND-PACK FILM OSCILLOSCOPE 
FIG. 8-5 OSCILLOSCOPE CAMERA SYSTEM 
FIG. B-6 OSCILLOSCOPE TRACE (RUN NO. 6A) 
INITIAL PRESSURE= 40,000 PSI 
TIME I DIVISION= 20 MSEC. 
FIG. 8-7 OSCILLOSCOPE TRACE (RUN NO. 88) 
INITIAL PRESSURE= 50,000 PSI 
TIME I DIVISION = 20 MSEC. 
B5 
FIG. B- 8 OSCILLOSCOPE TRACE (RUN NO. 24) 
INITIAL PRESSURE= 50,000 PSI 
TIME I DIVISION= 10 MSEC. 
FIG. 8-9 OSCILLOSCOPE TRACE (RUN NO. 27) 
INITIAL PRESSURE= 40,000 PSI 
TIME I DIVISION = 20 MSEC. 
B6 
FIG. B-10 OSCILLOSCOPE TRACE (RUN NO. 28) 
INITIAL PRESSURE = 45,000 PSI 
TIME I DIVISION= 20 MSEC. 
FIG. B-11 OSCILLOSCOPE TRACE (RUN NO. 31) 
INITIAL PRESSURE = 20,000 PSI 
TIME I DIVISION = 20 MSEC. 
B7 
FIG. B-12 OSCILLOSCOPE TRACE (KNOCK-OFF TUBE) 
INITIAL PRESSURE • 14,900 PSI 
TIME I DIVISION • 5 MSEC. 
FIG. B-13 OSCILLOSCOPE TRACE (KNOCK-OFF TUBE) 
INITIAL PRESSURE • 46,800 PSI 
TIME I DIVISION • 5 MSEC. 
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APPENDIX C. DATA TRACES 
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FIG. C-3 VELOCITY PROFILES FOR CONSTANT 
VISCOSITY (INITIAL PRESSURE OF 
14,900 PSI) 
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FIG. c-4 VELOCITY PROFILES FOR VARIABLE 
VISCOSITY (INITIAL PRESSURE OF 
14,900 PSI) 
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